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Abstract
We study a direct and an inverse scattering problem for a pair of Hamiltonians (H(h),H0(h)) on L2(Rn), where H0(h) = −h2
and H(h) = H0(h)+ V , V is a short-range potential and h is the semiclassical parameter. First, we show that if two potentials are
equal in the classical allowed region for a fixed non-trapping energy, the associated scattering matrices coincide up to O(h∞) in
B(L2(Sn−1)). Then, for potentials with a regular behaviour at infinity, we study the inverse scattering problem. We show that in
dimension n 3, the knowledge of the scattering operators S(h), h ∈]0,1], up to O(h∞) in B(L2(Rn)), and which are localized
near a fixed energy λ > 0, determine the potential V at infinity.
© 2006 Elsevier Masson SAS. All rights reserved.
Résumé
Nous étudions un problème de diffusion direct et inverse pour le couple de Hamiltoniens (H(h),H0(h)) sur L2(Rn), où
H0(h) = −h2 et H(h) = H0(h) + V , V étant un potentiel à courte portée et h est le paramètre semi-classique. Dans un pre-
mier temps, nous montrons que si deux potentiels coïncident dans la zone classiquement observable pour une énergie non-captive,
les matrices de diffusions associées sont égales, modulo O(h∞) dans B(L2(Sn−1)). Ensuite, pour des potentiels qui ont un com-
portement régulier à l’infini, nous étudions le problème de diffusion inverse. Nous montrons qu’en dimension n  3, la donnée
des opérateurs de diffusion S(h), h ∈]0,1], modulo O(h∞) dans B(L2(Rn)), et qui sont localisés près d’une énergie fixée λ > 0,
détermine le potentiel V à l’infini.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction
In this paper, we study a direct and an inverse scattering problem for the pair of Hamiltonians (H(h),H0(h)) on
L2(Rn), n 2, where the free operator is H0(h) = −h2, h ∈]0,1], is the semiclassical parameter, and the perturbed
Hamiltonian is given by:
H(h) = H0(h)+ V. (1.1)
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∀α ∈Nn, ∃Cα > 0,
∣∣∂αx V (x)∣∣ Cα〈x〉−ρ−|α|, ρ > 1. (H1)
Under the hypothesis (H1), it is well known that the wave operators:
W±(h) = s- lim
t→±∞ e
itH(h)e−itH0(h), (1.2)
exist and are complete, i.e., RanW±(h) =Hac(H) = subspace of absolute continuity of H(h).
Let S(h) be the scattering operator defined by:
S(h) = W+∗(h)W−(h). (1.3)
Since S(h) commutes with H0(h), we can define the scattering matrices S(λ,h), λ > 0, as unitary operators
acting on L2(Sn−1), where Sn−1 is the unit sphere in Rn. We denote by Φ0(x,λ,ω,h), (λ,ω) ∈]0,+∞[×Sn−1,
the generalized eigenfunction of H0(h):
Φ0(x,λ,ω,h) = e ih
√
λx·ω. (1.4)
The unitary mapping F0(h) defined by:(F0(h)f )(λ,ω) = (2πh)−n/2λ(n−2)/4
∫
Rn
Φ0(x,λ,ω,h)f (x)dx, (1.5)
gives the spectral representation for H0(h), i.e., H0(h) is transformed into the multiplication by λ in the space
L2(R+;L2(Sn−1)).
Then, the scattering matrices are defined by:
F0(h)S(h)f (λ) = S(λ,h)
(F0(h)f )(λ), (1.6)
and we have the Kuroda’s representation formula,
S(λ,h) = 1 − 2iπF0(λ,h)V F0(λ,h)∗ + 2iπF0(λ,h)VR(λ+ i0, h)V F0(λ,h)∗, (1.7)
where for f ∈ L2s (Rn), s > 1/2, F0(λ,h)f (ω) = (F0(h)f )(λ,ω) and R(λ + i0, h) is given by the well-known
principle of limiting absorption. The kernel of S(λ,h)− 1 is called the scattering amplitude.
We recall the non-trapping condition. Let (z(t, x, ξ), ζ(t, x, ξ)) be the solution to the Hamilton equations:
z˙(t, x, ξ) = 2ζ(t, x, ξ), ζ˙ (t, x, ξ) = −∇V (z(t, x, ξ)), (1.8)
with the initial data z(0, x, ξ) = x, ζ(0, x, ξ) = ξ .
We say that the energy λ is non-trapping, if for any R  1 large enough, there exists T = T (R) such that
|z(t, x, ξ)| > R for |t | > T , when |x| < R and λ = ξ2 + V (x).
When λ is a non-trapping energy, and if V satisfies (H1) with ρ > 0, we have the following estimate when h → 0
(see [13,15]),
∀s > 1
2
,
∥∥〈x〉−sR(λ+ i0, h)〈x〉−s∥∥= O(1
h
)
. (1.9)
The goal of this paper is to give a partial answer to the following conjecture. We denote by B(H) the space of
bounded operators acting on a Hilbert space H, and by f+(x) = max(f (x),0).
Conjecture. Let V1 and V2 be potentials satisfying (H1) and let Sj (λ,h), j = 1,2, be the corresponding scattering
matrices at a fixed non-trapping energy λ > 0.
Then the two following assertions are equivalent:
(i) (λ− V1(x))+ = (λ− V2(x))+,
(ii) S1(λ,h) = S2(λ,h)+ O
(
h∞
)
in B(L2(Sn−1)), h → 0.
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that it seems to be difficult to prove our conjecture for a fixed energy without assuming the non-trapping condition.
The difficulty comes from the estimate of the resolvent R(λ + i0, h) due to resonances converging exponentially to
the real axis.
In this paper, we show in Section 2 that (i) ⇒ (ii) and in Section 3, we give a partial answer to the implication (ii)
⇒ (i) for a class of potentials which are regular at infinity.
2. The direct scattering
In this section, we give a quite elementary proof of (i) ⇒ (ii). This proof is based on a suitable representation
formula for the scattering matrices.
Proposition 1. Let V1 and V2 be potentials satisfying (H1) and let Sj (λ,h), j = 1,2, be the corresponding scattering
matrices at a fixed non-trapping energy λ > 0. Assume that (λ− V1(x))+ = (λ− V2(x))+.
Then, when h → 0,
S1(λ,h) = S2(λ,h)+ O
(
h∞
)
in B(L2(Sn−1)).
Proof.
• Step 1: a representation formula for the scattering matrices
Consider χ ∈ C∞0 (Rn) such that χ(x) = 1 for |x| R, R  1, and let ζ ∈ C∞0 ([0,1[) such that ζ = 1 in a small
neighborhood of 0.
For j = 1,2 and ε > 0 one has by the intertwining property:
W±j (h)ζ
(
H0(h)− λ
hε
)
= ζ
(
Hj(h)− λ
hε
)
W±j (h),
where W±j (h) are the Moeller wave operators associated with the pair (Hj (h),H0(h)), Hj(h) = H0(h) + Vj (x).
Then,
W±j (h)ζ
(
H0(h)− λ
hε
)
= s- lim
t→±∞ e
itHj (h)ζ
(
Hj(h)− λ
hε
)
(1 − χ)e−itH0(h), (2.1)
we denote by Jj (h) = ζ(Hj (h)−λ)hε )(1 − χ) and Tj (h) = Hj(h)Jj (h)− Jj (h)H0(h).
We have the representation formula for the scattering matrices (see [5], for example):
Sj (λ,h) = 1 − 2iπF0(λ,h)J ∗j (h)Tj (h)F ∗0 (λ,h)
+ 2iπF0(λ,h)T ∗j (h)Rj (λ+ i0, h)Tj (h)F ∗0 (λ,h), (2.2)
where Rj (λ+ i0, h) is the resolvent associated with the Hamiltonian Hj(h).
• Step 2
For ε < 1/2, ζ(Hj (h)−λ
hε
) is an h-pseudodifferential operator and his h-symbol is given by the standard functional
calculus. Since V1 = V2 outside a compact set, choosing R  1, we obtain:
∀L > 0, ∥∥〈x〉L(J1(h)− J2(h))〈x〉L∥∥= O(h∞). (2.3)
In the same way, since Tj (h) = ζ(Hj (h)−λhε )([χ,H0(h)] + Vj (1 − χ)), we have:
∀L > 0, ∥∥〈x〉L(T1(h)− T2(h))〈x〉L∥∥= O(h∞). (2.4)
• Step 3
For s > 1/2, ‖F0(λ,h)〈x〉−s‖ = O(h−1/2). Moreover, since λ is a non-trapping energy, we have the following
estimate (see [2]): for j, k = 1,2, ∥∥〈x〉−sT ∗(h)Rk(λ± i0, h)〈x〉−s∥∥= O(h−1). (2.5)j
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S1(λ,h)− S2(λ,h) = 2iπF0(λ,h)T ∗1 (h)
(
R1(λ+ i0, h)−R2(λ+ i0, h)
)
T2(h)F
∗
0 (λ,h)+ O
(
h∞
)
. (2.6)
Using the resolvent identity, one obtains:
S1(λ,h)− S2(λ,h) = 2iπF0(λ,h)T ∗1 (h)R1(λ+ i0, h)(V2 − V1)R2(λ+ i0, h)T2(h)F ∗0 (λ,h)+ O
(
h∞
)
.
(2.7)
Then,
S1(λ,h)− S2(λ,h) = 2iπF0(λ,h)T ∗1 (h)R1(λ+ i0)(V2 − V1)ζ
(
H2(h)− λ
hε
)
×R2(λ+ i0)
([
χ,H0(h)
]+ V2(1 − χ))F ∗0 (λ,h)+ O(h∞). (2.8)
• Step 4
By the above considerations, it suffices to show that:∥∥∥∥(V2 − V1)ζ
(
H2(h)− λ
hε
)
〈x〉s
∥∥∥∥= O(h∞). (2.9)
We recall that (λ−V1(x))+ = (λ−V2(x))+, so V1 −V2 has a compact support, and for j = 1,2, we can denote:
Σλ =
{
z = (x, ξ) ∈R2n: ξ2 + Vj (x) = λ
}
. (2.10)
Since λ is a non-trapping energy, Σλ is a smooth (2n − 1)-submanifold, so we can work with local coordinates.
Let (χj ) be a C∞ partition of unity in T ∗Rn such that ∀z = (z1, . . . , z2n) ∈ Suppχj ∩Σλ, z2n = gj (z1, . . . , z2n−1)
(for example) where gj is a smooth function defined on a neighborhood of Suppχj .
For z = (z1, . . . , z2n) ∈ Suppχj , we denote by z⊥ = z2n − gj (z1, . . . , z2n−1).
Since Supp(V1 − V2) is a compact set, it suffices to show that for a finite number of j ,∥∥∥∥(V2 − V1)Oph(χj )ζ
(
H2(h)− λ
hε
)
〈x〉s
∥∥∥∥= O(h∞). (2.11)
By the hypothesis, ∣∣(V1 − V2)χj (z)∣∣= O(z∞⊥ ), z⊥ → 0. (2.12)
On the other hand, the left symbol of the pseudodifferential operator ζ(H2(h)−λ
hε
) is supported in Ah :=
{(x, ξ): |ξ2 + V2(x)− λ| hε}.
It is easy to see that if z = (x, ξ) ∈ Ah ∩ Suppχj , then |z⊥| = O(hε). So, (2.11) follows from (2.12) and the
standard h-pseudodifferential calculus. 
3. The inverse scattering
3.1. Introduction
In this section, we give a partial answer to (ii) ⇒ (i) for a class of potentials which are regular at infinity. But
first, let us recall some inverse results in the semiclassical setting.
In [12], for potentials satisfying (H1) with ρ > n, Novikov shows, without the non-trapping condition and using
the ∂-method, that if S1(λ,h) = S2(λ,h), ∀h ∈]0,1[, then V1 = V2. It is clear that this approach is not adapted to
study our conjecture in the semiclassical setting since we saw in Section 2 that we can not obtain any information on
the potential outside the classical allowed region.
For potentials with compact support, an inverse scattering problem close to our conjecture is studied in [1]. Assum-
ing that λ > supx∈Rn V+(x) and that the metric g(x) = (λ − V (x))dx2 is conformal to the Euclidian, Alexandrova
shows in [1] that the scattering amplitude in the semiclassical regime (actually, the scattering relations), determines V
uniquely. This result is obtained by comparing the inverse scattering problem for the Schrödinger equation with the
problem of the wave equation with variable speed for which the result is well known. The scattering relations for the
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method can not be used for general potentials satisfying (H1).
Now, let us explain more precisely the setting of this section. We consider the class of potentials V which are as-
ymptotic sums of homogeneous terms at infinity, i.e., we assume that V ∈ C∞(Rn) and satisfies the regular behaviour
at infinity:
V (x) 
∞∑
j=1
Vj (x), (H2)
where the Vj (x) are homogeneous functions of order −ρj with 1 < ρ1 < ρ2 < · · ·.
Hypothesis (H2) means that for any N  2 and α ∈Nn, there exists Cα,N such that∣∣∣∣∣∂αx
(
V (x)−
N−1∑
j=1
Vj (x)
)∣∣∣∣∣ Cα,N 〈x〉−ρN−|α|. (3.1)
Inverse scattering at a fixed energy with regular potentials at infinity and when the Planck’s constant h = 1 was
first studied in [6] with ρj = j + 1. In [16], Weder and Yafaev study a similar problem for general degrees of homo-
geneity ρj . They show that the complete asymptotic expansion of the potential is determined by the singularities in
the forward direction of the scattering amplitude. In particular, they obtain the following result:
Let V 1,V 2 be potentials satisfy the assumption (H2) and let Sj (λ), j = 1,2, be the corresponding scattering
matrices. Assume that the kernel of S1(λ) − S2(λ) belongs to C∞(Sn−1 × Sn−1), then V 1 − V 2 belongs to the
Schwartz class S(Rn).
If we want to study the inverse scattering problem in the semiclassical setting with a fixed non-trapping energy and
for potentials having a regular behaviour at infinity, it seems to the author that the techniques developed in [16] are not
well adapted with a semiclassical parameter. Indeed, as it was pointed in [13,14], for potentials satisfying (H1) with
ρ > n, the forward amplitude f (λ,ω,ω,h) is of order O(h−μ) with μ = (n−1)(n+1)2(ρ−1) and f (λ, θ,ω,h) with θ = ω is
of order O(1). Thus, the scattering amplitude has a strong peak in a neighborhood of the forward direction. We also
mention the works [7,8,17] where the semiclassical asymptotics of the scattering amplitude are obtained.
Moreover, let us emphasize that the knowledge of S(λ,h) in the norm operator sense does not give enough precise
information on his kernel. These are the reasons why we prefer to work with an arbitrary small interval of positives
energies and we use the approach given in [9–11] which is a time-independent version of [3].
So, our goal in this section is to recover all functions Vj from the knowledge of the scattering operator S(h)
localized near a fixed energy λ, up to O(h∞) in the sense of the operator norm in L2(Rn). Since we do not work with
a fixed energy, but in an averaged sense, we emphasize that the non-trapping condition is not necessary.
In order to localize the scattering operator near a fixed energy λ > 0, we introduce a cut-off function χ ∈
C∞0 (]0,+∞[),χ = 1 in a neighborhood of λ > 0.
We show that, for n  3, we obtain the complete asymptotic expansion of the potential from the knowledge of
S(h)χ(H0(h)) up to O(h∞) in B(L2(Rn)), when h → 0. More precisely, we determine the asymptotics expansion of
the potential at infinity, by studying the asymptotics of:
F(h) = 〈S(h)χ(H0(h))Φh,ω,Ψh,ω〉, (3.2)
where 〈 , 〉 is the usual scalar product in L2(Rn), and Φh,ω,Ψh,ω are suitable test functions. We need n 3 in order to
use the uniqueness for the Radon transform in hyperplanes.
3.2. Semiclassical asymptotics
3.2.1. Definition of the test functions
First, let us define the unitary dilation operator U(hδ), δ > 0, on L2(Rn) by:
U
(
hδ
)
Φ(x) = hnδ/2Φ(hδx). (3.3)
We also need an energy cut-off χ0 ∈ C∞0 (Rn) such that χ0(ξ) = 1 if |ξ | 1, χ0(ξ) = 0 if |ξ | 2.
For ω ∈ Sn−1, we write x ∈Rn as x = y + tω, y ∈ Πω = orthogonal hyperplane to ω and we consider:
Xω =
{
x = y + tω ∈Rn: |y| 1}. (3.4)
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Φh,ω = e ih
√
λx.ωU
(
hδ
)
χ0
(
hεD
)
Φ, (3.5)
where Φ ∈ C∞0 (Xω) and D = −i∇ (Ψh,ω is defined in the same way with Ψ ∈ C∞0 (Xω)).
3.2.2. Semiclassical asymptotics for the scattering operator
In this section, we prove the following theorem:
Theorem 2. Let V be a potential satisfying (H2). Then, there exists an increasing positive sequence (νk)k1 (depend-
ing only on δ), with ν1 = δ(ρ1 − 1)− 1 and limk→+∞ νk = +∞ such that
〈(
S(h)− 1)χ(H0(h))Φh,ω,Ψh,ω〉 ∞∑
k=1
hνk
〈
Φ,Ak(x,ω,D)Ψ
〉
, (3.6)
when h → 0, where Aj(x,ω,D) are differential operators defined in a recursive way.
Moreover, ∀j  1,∃kj  1 (with k1 = 1), such that
Akj (x,ω,D) =
i
2
√
λ
+∞∫
−∞
Vj (x + tω)dt +Bj (x,ω,D), (3.7)
with B1 = 0 and for j  2,Bj (x,ω,D) is a differential operator only depending on the functions Vk , 1 k  j − 1.
3.2.3. Proof of Theorem 2
Step 1
Let us begin by an elementary lemma.
Lemma 3. ∀h  1 small enough, we have:
χ
(
H0(h)
)
Φh,ω = Φh,ω. (3.8)
Proof. We easily obtain:
F[χ(H0(h))Φh,ω](ξ) = h−nδ/2χ((hξ)2)χ0(hε−δ−1(hξ − √λω))FΦ(h−δ−1(hξ − √λω)), (3.9)
where F is the usual Fourier transform. Then, on Suppχ0, we have |hξ −
√
λω| 2h1+δ−ε . Since ε < 1+ δ, we have
for h small enough, χ((hξ)2) = 1. 
Then, by Lemma 3, we obtain,
F(h) = 〈W−(h)Φh,ω,W+(h)Ψh,ω〉, (3.10)
and an easy calculation gives:
F(h) = 〈Ω−(h,ω)χ0(hεD)Φ,Ω+(h,ω)χ0(hεD)Ψ 〉, (3.11)
where
Ω±(h,ω) = s- lim
t→±∞ e
itH(h,ω)e−itH0(h,ω), (3.12)
with
H0(h,ω) =
(
D + √λh−(1+δ)ω)2, (3.13)
and
H(h,ω) = H0(h,ω)+ h−2(1+δ)V
(
h−δx
)
. (3.14)
So, by (3.11), we have to find the asymptotics of Ω±(h,ω)χ0(hεD)Φ . For the sake of simplicity, we only treat the
case (+).
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Now, we follow the same strategy as in [11]. In order to be self-contained, let us briefly recall the basic ideas.
We construct, for a suitable sequence (νk) defined below, a modifier J+(h,ω) as a pseudodifferential operator close
to Isozaki–Kitada’s construction [5] (actually, J+(h,ω) will be a differential operator), and having the asymptotic
expansion:
J+(h,ω) = op
(
1 +
∑
k1
hνkd+k (x, ξ,ω)
)
. (3.15)
We denote:
T +(h,ω) = H(h,ω)J+(h,ω)− J+(h,ω)H0(h,ω). (3.16)
Assume that the modifier J+(h,ω) satisfies:
Ω+(h,ω) = s- lim
t→+∞ e
itH(h,ω)J+(h,ω)e−itH0(h,ω). (3.17)
If (3.17) is satisfied, differentiating and integrating, we have:
Ω+(h,ω)− J+(h,ω) = i
+∞∫
0
eitH(h,ω)T +(h,ω)e−itH0(h,ω) dt. (3.18)
So, the idea is to construct the modifier J+(h,ω) (i.e., on has to choose νk and d+k ) in such a way (3.17) is satisfied
and with T +(h,ω) = O(h∞). Then, roughly speaking, by (3.18), we will be able to show that
Ω+(h,ω)− J+(h,ω) = O(h∞). (3.19)
Thus, using (3.19) the asymptotic expansion of Ω+(h,ω)χ0(hεD)Φ will come from the asymptotics of J+(h,ω) ×
χ0(hεD)Φ which is explicit.
Now, let us determine the modifier J+(h,ω). A direct calculation shows that the symbol of T +(h,ω) is given by:
T +(x, ξ, h,ω) = h−1−δ
(
−
∑
k1
2i
√
λω · ∇dkhνk + (2iξ · ∇dk +dk)hνk+1+δ
+
∑
k1
Vkh
−(1+δ)+δρk +
∑
j,k1
Vjdkh
−(1+δ)+δρj+νk
)
. (3.20)
In order to obtain T +(h,ω) = O(h∞), we choose ν1 = δ(ρ1 − 1)− 1 and we solve the transport equation:
ω.∇d+1 (x,ω) =
1
2i
√
λ
V1(x). (3.21)
The solution of (3.21) is given by:
d+1 (x,ω) =
i
2
√
λ
+∞∫
0
V1(x + tω)dt. (3.22)
Then, we choose ν2 = min(ν1 + 1 + δ,−(1 + δ) + δρ1,2ν1) and we solve the corresponding transport equation in
order to construct d2. The functions dk and the coefficients νk for k  3 are determined in this recursive way.
We have the following proposition (the proof is the same as in [11]):
Proposition 4.
Ω+(h,ω)χ0
(
hεD
)
Φ = lim
t→+∞ e
itH(h,ω)J+(h,ω)e−itH0(h,ω)χ0
(
hεD
)
Φ. (3.23)∥∥(Ω+(h,ω)− J+(h,ω))χ0(hεD)Φ∥∥= O(h∞). (3.24)
Then, Theorem 3 follows from Proposition 3. We refer the reader to [11] for a complete exposition.
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Let V j , j = 1,2, be two potentials satisfying (H2) and let Sj (h), j = 1,2, be the scattering operator associated
with the pair (H0(h)+ V j ,H0(h)).
We have the following result:
Corollary 5. For n 3, assume that in B(L2(Rn)),
S1(h)χ
(
H0(h)
)= S2(h)χ(H0(h))+ O(h∞), h → 0. (3.25)
Then: V 1 − V 2 ∈ S(Rn).
Proof. Corollary 5 follows from Theorem 2, the uniqueness for the Radon transform in hyperplanes [4], and the fact
that ‖Φh,ω‖ (resp. ‖Ψh,ω‖) are uniformly bounded with respect to h. We refer to [11] for the details. 
Comments. It is not difficult to generalize the previous results to the case of long-range potentials, i.e., for potentials
satisfying (H2) with ρ1 > 0, using modified wave operators, close to Isozaki–Kitada’s ones [4] (see [11, Theorem 8],
for details).
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